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Chuong 1
TONG QUAN

Trong ludn vin nay, ching toi xét bai toin Neumann phi tuyén
sau

(1.1) Au=0, xeRf={(x',xn):x'eR”‘1,xn>0},
(1.2) —uy (x,0)= g(x",u(x',0)) , x' e R".

Trong [1] cdc tidc gia Bunkin, Galaktionov, Kirichenko,
Kurdyumov, Samarsky (1988) da nghi€n cttu bai todn (1.1),(1.2) v6i n
=2 vdéi phuong trinh Laplace (1.1) ¢6 dang doi xing truc

(1.3) urr+lur+uzz=0, r>0,z>0,
r

va vé6i diéu kién bién phi tuyén c6 dang cu thé nhu sau

2
(1.4) —u_(r,0)=1, eXP(‘r/2)+u°‘(r,0), r 20,
0

trong d6 1,7y, 1a cdc hing s6 duong cho trudc.

Bai todn (1.3),(1.4) latrudng hgp dirng cia bai todn lién hé véi
su ddt chdy bdi bitc xa. Trong trudng hdp 0 <o <2 cédc tdc gid trong [1]
da chirng minh riing bai todn (1.3),(1.4) khong c6 15i gidi dudng. Sau
d6, k&t qua nay da dudc md rong trong [7] bdi Long, Ruy (1995) cho
diéu kién bién phi tuyé&n tdng quat

(1.5) —u (r,0)=g(r,u(r,0)), r 20.

Trong [8] Ruy, Long, Binh (1997) da xét bai todn (1.1),(1.2) v6i
n=3 va ham gla lién tuc, khdng gidm va bi chan dugi bdi mét ham
liiy thira bac a. ddi v6i bi€n thit ba va chiing t6i di chitng minh ring
néu 0 <o <2 thibai todn nhu th€ khong c6 161 gidi duong.

Céc tdc gid Binh, Diém, Ruy, Long [2] (1998) va Binh, Long [3]
(2000) da xét bai toan (1.1),(1.2) v6i n>3.Hamso g:

R x[0,400) = [0,+%0) 14 lién tuc, khong gidm d6i v6i bién u, thda

diéu kién



(1.6) Ja>20,3IM>0: g(x',u) M u* ,Vu >0,Vx'e R"™1.
va mdt s6 diéu kién phu.

Trong [5], [6] cdc tdac gid da chiing minh sy khong tOn tai 151 giai
duong ctia bai todn (1.1), (1.2) véi

(1.7) g(x',u)=u*.

Trong [5] Hu va Yin (1994) da ching minh véi
I<a<(n-1)/(n—2), n >3 va trong [6] Hu (1994) da ching minh v&i

l<a <n/(n—2), n >3.Ciing cAn chd y ring hAm g(x",u)= u® khong

thda cdc diéu kién trong cdc bai bao [2], [7], [8].

Trong luin vin ndy, chiing to6i xét tdi xét bai todn (1.1),(1.2)
véi n >3. Ham g(x’,u) lién tuc thda diéu kién (1.6) ma (1.7) 1a mot
trudng hop riéng. Bing cdch xay dung mot ddy ham thich hgp chiing
t6i chitng minh ring néu, 0<o <(n-1)/(n—2), n >3, bai todn (1.1),
(1.2) khong c6 16i gidi lién tuc duong.

Luin vdn nay ngoai phan k&t luan va phan tai liéu tham khio sé&
dudc trinh bay trong 4 chuong:

Trong chuong 1, 1a phin tdng quan vé bai todn, ngudn goc vé
bai todn, mot s6 k&t qua da c6 truSe d6 va ndi dung cin trinh bay trong
cdc chuong sau d6 ctia ludn vin.

Trong chuong 2, 1a phin thi€t 14p phuong trinh tich phan phi
tuyé&n theo gid tri bién xuat phat tif phuong trinh Laplace n - chiéu trong
nira khong gian trén lién k&t v6i di€u kién bién Neumann.

Trong chuong 3, chiing t6i nghién cttu sy khong ton tai 151 gidi
dudng ctia bai todn (1.1), (1.2) cu thé v6in = 3.

Trong chuong 4, chiing t6i nghién cttu sy khong tn tai 15i gidi
duong ctia bai todn (1.1), (1.2) v6i n>3.

Phan k&t luan néu 1én mot s& két qua thu dugc trong ludn viin va
mot sd chi ¥ kém theo.

Cudi ciing 1a phan tai liéu tham khio.



CHUONG 2

THIET LAP PHUONG TRINH TiCH PHAN

Trong chuong niy, ching ta thi€t 14p phuong trinh tich phan phi tuyé&n
theo 4n ham 13 ham gid tri bién xuat phdt tif phuong trinh Laplace n -
chiéu trong ntta khong gian trén lién k&t v6i diéu kién bién Neumann.

Trudc hét, ta dit cdc ky hiéu sau:

R'={x=(x",x,)eR":x'eR", x,>0}

R'={x=(x',x,)eR":x'eR", x,>0}

X € Rn , X = (xlaxza--'axn) = (‘x”x}’l)’
P
n 1
|x|=[2fo (W)
i=l1

Chiing ta xét bai todn: Tim mdt hAm u c6 tinh chat :

J-o.

2.1) AuzO,xeRf:{(x',xn):x'eRn_l,xn>0},

(S)) ueC2<Rf)ﬂC(Rfj, Uy eC(Rf),

9 ()

R+ | |x|=R,x,>0 |x|=R,x,>0

(Sz) lim [ sup |u(x)|+ R. sup

va thda phuong trinh Laplace:

va diéu kién bién Neumann

(2.2) —u, (x',0)=g,(x"), x'eR",



e a- 2 N 2, e 2, ~ . A 2
trong dé " chi dao ham theo huéng véctd phap tuyé€n don vi trén nua
%

mit ciu |x| =R, x,, >0, huéng ra ngodi va g, 12 ham s6 cho trudc lién

tuc trén R™'.

Ta xét ham Green cho phuong trinh Laplace vdi diéu kién
Neumann nhu sau:

_ 1 _ 2-n _~2—n
(2.3) y(a,x)——(n_z)mnua x| +|a x| 1,

trong dé

x=(x",x,)eRrR", ¥x=(x",-x,), aeR},

o, 1a dién tich cia qué cau don vi trong R".

n 2

24) Ay :za—y(a,x) =0, Vx#a,x#a,
2
i=1 OX;
(2.5) Yy, (a,x,0)=0 trén x, =0.

Ta ¢6 dinh a € R va s0 thyc R >0.Chon ¢ >0 dd nhé sao cho

@z{xeRf:|x—a|£a JC R NBr=Qy
vGi By E{xeR":|x|<R}.

Ap dung cong thitc Green trén mién Qr \z, ta vi€t dudc:

2.6)  [Au—uby)dx= [, —uy,)dS - [Gu, —uy,)dS.
QR\S, 0Qp |x—al=¢

2 » A
Ta c6 bd dé sau:

B4 dé 1: Vdi gid thiét (S,) ta c6



@7 lim [, —uy,)dS =u(a).

870 | v—af=e

Chitng minh: Ta vi€t ham Green 7y (a, x) du6i dang:

(2.8) Y (a,x) =s(a,x)+ ®(a,x),

. 1 . 2-n
s(a,x) _—(H—Z)(Dn |a | ,
1 ~|2—n ~
q) e —— — =
(@0)= (o la=F " =s@)

Ta co:

(2.9) j(yuv —uy, )dS = I(q)uv —ud, )dS + j(suv —us, )dS

‘X—a‘ZS ‘x—a‘zs ‘X—a‘ZS

=1i(a,e)+1,(a,e).

* Do gid thi€t (Sl ), ham x — ®(a,x)u, (a,x) —u(a,x)®, (a,x) lién tuc
trén § nén

(2.10) lim /,(a,e)=0.

e—0,
e [ P - A - A - A A 2
*Poibi€n x =a+¢€ y, chuyén tich phadn mét trén mét cau tdm a ban

kinh ¢ thanh tich phan mat trén mat cau don vi tim O.

(2.11) Jsu\,dS:sn_l J‘S(a,a+8y)uV (a+ey)do

‘x—a‘za ‘y‘zl
- & [ u, (a+e y)do -0 khie >0, .
(n-2)o, EE
(2.12) - Iusv dsS =" ju(a+s y)s, (a,a+¢€ y)do
‘x—a‘:s ‘y‘:l

_ [ ua+e y)do - u(a) khi € >0, .
O =

Viy (2.11), (2.12) din dén



(2.13) lim 7,(a,e)=0.
e —0

+

Tu (2.9), (2.10), (2.13) ta suy ra bd dé 1 dugc chitng minh.

Tu (2.6) ,thayAy =0, Vx#a va Au=0,saudéchoe -0, ta
thu dudc

(2.14) u(a)= [(u, —uy,)dS ,VaeQp.
Qg
B4 @é 1 dugc chitng minh xong.

B& dé 2: Gid sit u la 1oi gidi cita (2.1), (2.2) théa cdc diéu kién
(81),(S3), ta co

(2.15) lim I(y u, —uy, )dS =— j Yu, dx'.
R—+o0 50 'l "
R R

Chitng minh:
Ta co

0Qp =DprUSp,

Dp ={(x"0):|x| <R},

Sr :{x:(x',xn):|x|:R,xn > 0} .
Ta viét

216)  [ru, —uy,)dS = [ru, —uy,)dS+ [(u, —uy,)ds.
oQp Dy Sk

Ta s& chitng minh ring:

@17)  tim  [(ru, —uy,)dS == [ yu, d¥,
Dg

R—+x g1

(2.18)  lim I(yuv—uyv)dS=O.
R—>+ooS

R

Ching minh (2.17)




Trén Dp: v =(00,...-1), u, =-u,

%

l-n X, —a -1 x,—a

s, (a;x',x,)=——2-n)|la—x Pt n T
Xy n (n_z)wn | | |a_x| (On |a_x|n
Tuong ty

D, (a;x',xn):_—1 M.y(a,x)=s(a,x)+ D(a,x),

! n |a—)7|n

Do dé6:

Yy (@x,0)=s, (a;5,0)+®, (a;5,0)=0,
hay
(2.19) Yy (a;x)|DR =0.

2 1
2.20 a; X .
(2.20) Y (a; )|D (-2, ( R )(n—2)/2
a-x| +a,

Tu (2.19) va (2.20) din dén

21 lim j(yu —uy,)dS = lim jyu ds .

R—+o0
Dp

= lim Iyuvdx'z— lim Iyu dx——jyu dx’'.
R—+00 R—>+oo 1
Dg Dp R

(2.17) dugc ching minh.
Chitng minh (2.18)
Trugc hét ta ddnh gid cdc tich phan trén Sp:

(i) Pénh gid tich phan [y u,dS.
SR

*Trén Sy taco
1

_ 2
(2.22) OSy(a,x)S(n_z)m " e

VXESR.

10



Do do

2 1

2.23 ds
e =20, a7 !

jy u, dS| <
Sk

2 1

= X - |u (R y)| R"do
(I’l—2)0)n (R—|a|)n 2 yJ-_l K
2 R ®
< _n
TR T P Tl A
Rl’l—l

= — ><sup|uV (x)|.
(n—2)(R—|a|) 2 xeSg

(ii) Pénh gid tich phan [ uy, dS.

S
Ta cé

(2.24) vy, :?_V:ZYXi i:Z(Sx[ +q)xl«)vi
i=1 =1

M| =

Ta co:

(2.25) s, (asx)= ! (2 m)|a—x|" 2D -l xi—a

(2.26) D, (a;x)= ! (2 n)|a x|1" Xizdap =zl x4
! n

11



- +
(2.27) @, (a3x',x,) = Z1 X ta,

©, |a-5%["
Chi ¥ ring:

VxeSR,|x|:|)~c|=R, x,20:

=2} ~|a| = R~a], [¥~a|2[3]~|a|= R~]d].

1 |x~—al-| 1 1
(2.28) sy (a;x) SE |al——x|n£; m
S U S R W
®, (|x|—|a|) ®, (R—|a|)
Tuong ty:
1 |x;—a; 1 1
1 1 1 1
< = 1<i<n-1
®, (|)?|—|a|)”_1 o, (R—|a|)”_1
1 x,+a 1 1 1 1
(2.30) |@, (a;x)=— 1—L<— <— ——
& 00 la-%" @ [a-F"" ©u (R-|a|)"

Ta suy tr (2.24),(2.28),(2.29),(2.30) ring:

Z 2n 1
(2.31) v < s [0 vy < 2t —— VxeS,.
| V| IZ:;J Xi ‘ X |Vl| o, (R_|a|)n—l R
-10-
Do do:
232) | [uy,ds <, — sup|u(x)| [ dS
5, o, (R—|a|) xeSp S,
2n 1 1 ©®
<—x—+———sup|u(x)| R" L
@, (R —| a | )n—l xeSR| | 2

12



an—l

=—— sup u(x)| .
(R—|a|)n_1 xeSR| |

Ta suy tir (2.23), (2.32) ring:

Rn—l
(2.33) j (v u, —uy, )dS| < —x sup | u, (x)
Sy (n-2)R—|a| )™ xese
nR"!

St dung gié thiét (S, ), tir (2.33) ta suy ra lim J-(y u, —uy, )dS=0.
R—>+00 Sy
Do d6 (2.18) dudc chiing minh.

Viy b6 dé 2 dudc chitng minh xong.
K&t qua sau day dudc suy ra tir (2.14) va B6 dé 2.

3: Gid sit u la loi gidi ciia (2.1), (2.2) théa cdc diéu kién

Bo dé
, (SZ), ta co

Sy

234  w@=- [yu,d'= [ y(a;x0)g(x)dx' ,VaeR,.
Rn—l Rn—l

Ta c6 dinh 1y sau:
-11-

DPinh ly 1: Néu loi gidi u ciia bai todn (1.1), (1.2) véi g :
R" x[0,400) = [0,400) [a ham lién tuc théa cdc tinh chdt (S,), (S,),
khi dé u la loi gidi ciia phuong trinh tich phdan phi tuyén sau:

(2.35) 2 g(x',u(x',0)) dx’

u(a'ya,) = ,
n

V(a',a,) e R} .

13



CHUONG 3

SU KHONG TON TAI LOI GIAI DUONG
CUA BAITOAN VOI N=3

Chiing t6i xét bai todn (1.1),(1.2) cu thé véi n = 3 nhu sau:

(3.1) Au=0, (x,y,z)eRiz{(x,y,z)eR3 , z>0},

32 —u(000)=gloyulay0) . (ny)eR’.

v6ig: R? x[0,+90) —> [0,400) thda diéu kién:

(Gy) glaham lién tuc,

(G,) Tén tai hai hiing s6 M >0, a. > 0sao cho :
gx,yu)>Mu®, Vx,ye R,Vu=>0.

Cic tinh chat (S, ), (S, ) dugc cu thé lai nhu sau:

(s7) uec?®HAC(RI).u, e C(RD),

(S;) (i) lim sup |u(x,y, z)| =0,
R—+0 x2+y2+22:R2, 250
(i1)
im  osp [x P+ y Xyt 2 2| = 0.
Rt 22,2 g2 o| OX oy 0z

Khi d¢6 ta c¢6 dinh 1y sau:

14



DPinh Iy 2: Néu loi gidi u ciia bai todn (3.1), (3.2) vdi g : R? x[0,+00)
— [0,+0) la ham lién tuc thda cdc tinh chdt (Sl* ), (S; ) Khi dé u la loi
gidi ciia phuong trinh tich phdn phi tuyén sau:

g€ .n,u€.n,0)) dg dn, V(x,y,z) € R2.

G e =y ”\/(x &)+ (y-m)? + 27

Ta cling gid st rang gid tri bién u(x,y,0)cta 151 gidi u cla bai
todn (3.1), (3.2) théa diéu kién:

g(€,m,u€,n,0)
(x=&)* +(y-m)°

de dn téntai V(x,y)eR>.

(s3) 7ich phan I} I

Ta phat biéu két qua chinh trong phian ndy nhu sau:

Pinh Iy 3: Gid sit rdng g théa cdc gid thiét (G,),(G,) vdi 0<a <2.
Khi d6 bai todn (3.1), (3.2) khong 6 10i gidi duong héa(s}). (53 ). (53 ).

Chitng minh dinh ly 3:

Bing phuong phdp phdn ching, gid st ring bai todn (3.1), (3.2) ¢6 15i
gidi duong u = u(x,y,z)thda (Sf‘ ) (S;), (S; ) Ding dinh 1y hdi tu bi
chin, cho z — 0, trong phuong trinh tich phin (3.3), nhd vao (S;k ), ta
thu dudc:

G4 ulxy0)= j [ Jg@;) ”J(i’: OT)])) dt dn , V(x,v) € R2.

Ta dit: u(x,y,0) =u(x,y). Khi dé, ta vi€t lai (3.4) nhu sau:
(3.5) u(x,y) = A[g(E.n,u€.n))I(x, »)

gEm,uE.n)) dE dn . ¥(x.y) < R2.
x=8) +(y-n)?

27'C J.I\/(

trong d6 4 12 mot todn tl tuyén tinh xdc dinh bing cong thifc:

15



v(S,n)dc dn

”J(x £)2 +(y-)>

P& chitng minh dinh 1y 3, ta chi cAn chitng minh ring phuong
trinh tich phan (3.5) khong c6 16i gidi duong lién tuc.

(3.6)  AVEMNIxY) = V(x,») € R%.

Trudc hét ta cAn mot s6 bat ding thifc danh gia sau day:

Bé& dé 4. Véi moi (x,y) e R? ta cé:
Q) A[(1+4E%+n% ) *](x,y)=+0 , néu 0<a <1,

(i) A[(1++E%+n? ) *1(x,p) >

I
2o —1)(T4+x2 4% )"

néu o >1,

ln(l+\1x +y ) 5
(ii1) AJ (1+\/EJ +T] ) 1(x,y) > , né =2.
4\1x +y

Chifng minh bé dé 4:
(i) 0 <a <1: St dung bat ding thitc sau day

1 1

>
V=82 +(y-m>  x? > +yE% +n°
1 1

X

21+\/x2+y2 1+\/E_,2+n2 ’

vx,y,E M ER,

3.7)

va sau d6 ddi bi€n s6 qua toa do cuc, ta thu dudc

(3.8)  A[(1+&%+1n* ) *1(x,»)

16



S dE dn
2 (1+4E2 402 ) (a2 +m2 +yx% +)?)

= rdr
ZI - = +00,
o (1+7r) (r+\/x2+y2 )

(i1) o > 1: Tuong tu nhu (3.8), ta c6

(3.9) A[(1+4&% +1n? ) *1(x,)) >

+00

J- rdr

0 (1+r)0t(r+\/xz+y2 )
+00

rdr
/xzj;yz (1+r)m(r+\/)c2 —i—y2 ) .

2

T ba't ding thic sau

r

(3.10) >

r+\/x2 +y2

ta thu dugc tir (3.9) ring

G A[(1+4E2 12 ) ](x) 2% _dr
/x2+y2(l+r)

I
2 =1yl 42 )

(ii1) oo = 2: Tuong tu nhu (3.8), ta c6

_ o dr
(3.12)  A[(1++62+n2) 2%, ) 2 .
'!.. (1+7) (r+\/x2+y2 )

, ‘v’rZ\/x2+y2,

N | —

+00

dar

+00

2! rdr .
1(1+r)2(r+\/x2+y2)

S dung bat ddng thitc

17



(3.13) %zi, Vi1,
(1+7r) 4r

ta suy ra

(3.14)  A[(1+~&%+n? )2 1(x,») z%j dr
1 r(r+

_ In(1+ x> + %)
4\/x2+y2 .

B§ dé 4 dugc chiing minh.

Bay gid, d€ ti€p tuc chitng minh, ta gid st ring ton tai
(xg,0) € R? sa0 cho u(xy,yy)>0. Do u lién tuc, khi d6 tdn tai ry > 0

sao cho

1
(315) u(x>y)>5u(x05y0)5m0’

V(x,y) € B, (x9.¥0) = {(x.9) : (x = x0)” + (¥ = ¥0)* <75}
Ta suy tt (G,), (3.5), (3.15) va tinh don di€u cla todn t& A, ring
(3.16)  u(x,y) = A[gEn,uEn)I(x,») > A[M u® En)(x,»)

u® (&,m)dg dn
x-8)" +(y-n)’

1l

_ M(mp)® dt dn
My Gy x=8) 4 ()

V(x,y) e RZ.

18



St dung bat ding thic sau day

BA7) J(x=8)2 +(y—m)> <yx?+p7 +4&% +7°
<(1+4x2+32)(1+4E% +12)
< (1422 + 3214453 + 38 +4/E —x0)2 + M —y0))

£(1+\/x2 +y2)(1+1/x§ +y§ +r02),

Vx,y € R, V(&) € B, (xp,y0), tathu dugc:

M (my)* d€ dn
Mg G @ —8) + ()

(3.18)

M (m )*

z 2 2 . 2 2 2 J.J.di dT]
A+x"+ ) ++x5 +y5 + 15 )B,O(xo,yo)

M(mo)a
> 2n
(1+\/x2 er2 )(1+\/xg +yg +r02)

M o
(my) - ’”02

> i X ! .
(1+\/x§ +y§ +r02) (1+ x? +y2)

Ta suy tr (3.16), (3.18) ring

T 7"02

(3.19) Vx,y€R,

u(x,y) > — =y (x,y)
1+4/x% + y2

M mg r02

2(1++x3 +y¢ +1d)

Ta xét cac trudng hgp khac nhau cia o .

v6i my =
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Truong hgp 1: 0 <a <1.

Ta thu dugc ti (G,), (3.5), (3.19) va tinh don diéu cla todn t 4, ring

(3.20) u(x,y) = Alg€.n,u€n)Ix, y) = AIM u® En)](x, y)
> A[M u" (€. n)1(x, )

=M mf AL(1++E% +n% ) 1(x, y) =+,
do b8 dé 4,(i). Pay la diéu vo ly.
Truong hgp 2: 1<a < 2.

Ap dung bs dé 4, (i), ta thu dudc tir (G,), (3.5), va tinh don diéu cla

todn t 4 , ring

G20 uny) = AlgEmu@En)IEy) = ADM u® €, )
> ATM uff €.)I(x, )
= M AL(1+e +0% ) 1)

M m{

>
2a —1)(T4+x2 42 )"
—my(1++x2 432 ) “=uy(x,y),

trong do

M m?
3.22 m, = L =o—1.
( ) 2 2 —1) q;

Bing quy nap ta gid st ring

(3.23)  u(x,y)zup_(x,y)=m_(1+ \/xz + y2 ) 91, Vx,yeR.
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Néu a g1 > 1, khi d6, stt dung bé dé 4, (ii), ta thu dugc tir (G,), (3.5),
(3.23) riing

(3.24) u(x,y) = A[g€ n,u€n)Cx, ») = A[M u® € n)](x, )
2 A[M iy (E.)](x, )

=M m¢  A[(1+4E% 412 ) %1 ](x, »)

Mmi_,

>

- agj-1-1
200 gy —D(1++/x% +37)

=my(14yx2+32 ) “=up(x,y),

trong d6 cac day sO {q;},{m, } dugc xdc dinh b&i cong thic qui nap:
(3.25) qp=0q;1-1,k=23,..; q =1,

M mj

2qy

(3.26) m; = , k=23,

Tir (3.25), (3.26) ta thu dugc

1-2-a)a ! M m_
(327) g = (2-a) . my = ——*L
o-—1 qu

, Vk=23,....

Do 1 <a <2, ta cé thé chon dugc s6 tu nhién k¢, phu thudc vao a , sao

cho:

_ In2-a)

(3.28) 2T 4y
In In

V§i s6 ty nhién k, dugc chon, ta c6
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(329) O<ogy <I.
St dung b8 dé 4, (i), ta thu dugc tir (G,), (3.5), (3.24), (3.29), ring
(3.30) u(x,y) = A[gEm,u€&n)Ix, y) = AIM u® E,n)](x, )

> AIM st (€], )

= Mm A1+ 402 ) 0] () = 400,
DPinh 1y 3 dudc chitng minh cho trudng hop 2.
Truong hgp 3: o =2.

Véi o =2, 4p dung b6 dé 4, (iii), ta thu dugc tir (G,), (3.5), va tinh don
diéu clia todn tif 4, ring

(3.3D u(x,y) = A[gEn,uEn)Ix ) = AIM u? € n)](x, )

> A[M uf (E.)](x, )

=M m2A[(1++% +12 )] (x,y)

o M m? In(1+4/x> + y* )
4 ﬂxz +y2

Ta suy ra tir (3.31) ring

(3.32)  u(x,y)2vy(x,y)

trong do
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(3.33) pr=1,0C, :iMmlz .

Gid st ring:

(3.34) u(x,y) 2 vi_(x,y)

Pk-1
[.2 2
Croi {ln( THyx” +y )J x2 4 y2 >1

= x2+y2

0, x?+ y2 <I.
trong d6 p;_;,C;_; 12 cdc hiing s& duong.
St dung gid thi€t (G,)va (3.5), (3.34), ta c6:
(335)  u(x,y) = ALgE.n,uEn)(x») =AM u’ En)](x, »)

> A[M vy (&m)(x, )

M v (&) dE dn
22 (x-8)% +(v-n)?

M Vi (E.m)dE dn

o g2 721 J(x—é)%r(y—n)2

7 5 2P
[ln( 1+— Vzﬂl )] de dn

L Mci,
M anny @2 e-8)7 + (-’

5 > 2pg
{ln( I+487+m" \4&2+Tl )} dt dn

MCE,

>
M anhy @2 D) (ER e x4y
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2pj-1
. (lnﬁgr)j dr

> MC}
) kl'[ r(r+\/x2+y2)

Ta xét trudng hgp x4 y2 >1,tacéd

2pk-1 2pk-1
m(ln(l;r)] dr (ln(”r)] dr

2

3.36) >
( '! r(r+\/x2+y2) >\/sz;7y2 r(r+\/x2+y2)

= \2Pk-1
> ln(—lJr ) ) T ar
2 /xz+yz r(r+\/x2 +y2)

2pi_
ln(1+\/x2+y2) oy +j3° (1 1 Y
= —_— —_— e — r
2 \/xz +y2 W r r+\/x2 er2

2pg +00
1+\/x2+y2 ) | «In r
2 \1x2+y2 r+\1x2+y2

2ppa
1n(1+\/)c2+y2 ) In2

2 x2+y2

=/ In(

V6i x2 +y? 21, ta suy tir (3.35), (3.36) riing

2P
o (m(l;r)j dr

(3.37) u(x,y) = MC,?_I
! r(r+\/x2 +y2)
3 5 2P
l+x“+y )

2

2
 MCEIn2

In(
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Tu (3.35), (3.37) , ta thu dugc

(338) u(xsy) 2 Vi (x,y)

0, x? er2 <lI.
trong d6 p;,C; 1a cac hing s6 dudng xdc dinh bdi cdc cong thirc qui
nap.

(339)  pp=2pi4. Cp =MCE In2, k=34,..

Tu (3.33),(3.39) ta co

(3.40) p, =27, C, =%MZH_1 (%m1 Jin2)?".
n

Nhd vao (3.40) ta viét lai (3.38) v6i x> + y? >1 nhu sau

(341) u(x:y)zvk(x:y)

2k—2

M x2+y2 In2

1+x2 + 2
! Lvim? 1n2ln(%)

1+x? + 2
Chon x,y sao cho %Mzml2 1n21n(#) >1 hay

(3.42) Vx? + 32 > =1+ 2exp(—5—5——) = py.
M ny In2
Khi d6 ta c6
(3.43) u(x,y) 2 lim vy (x,y) =+, \x? +y2 > Po -
k—+o0

25



Piéu nay vo ly. Pinh 1y 3 dugc chitng minh cho trudng hdp 3.

T& hdp cac trudng hop 1-3 chiing thay ring dinh 1y 3 dugc chitng minh.
K&t qua ciia dinh ly 3 manh hon k&t qua trong [8] Ruy, Long, Binh.
That vay, tuong ng véi cing phuong trinh (3.1), (3.2), cdc gia thiét sau
day da dung trong [8] khong can thi€t & day

(G3) g(x,y,u)khong gidm doi vdi bién thit ba ,i.e.,

(g(xvysu)_g(xsyav))(u_v)207 anyER, VM,VZO.

(Gy) Tich phan || g(x, y,0) dxdy

R2 1+\/x2 +y2

Chii thich 2. Chd ¥ ring véi 0 <o <2, ham g(x,y,u) =u® khong giai

ton tai va duong.

quyét dugc trong [8] vi khong thda gid thi€t (G,4), trong khi d6 ching

toi da gidi dugce vi du nay trong luan vin.
Cha thich 3.

Trudng hdp o =2, cdc tic gia Bunkin, Galaktionov, Kirichenko,
Kurdyumov, Samarsky [1] c6 cho mdt didnh gid tuong ty nhu (3.38)
nhung phifc tap hon, ma § d6 v, dugc cho dudi dang cda mdt chudi

ham.

Chii thich 4. K&t qui clia dinh 1y 3 khong con ding véi o > 2. Ta xét
phén vi du sau day v6i oo =3 va g(x,y,u)=u>. Ta c6 g thda cdc gia
thi&t (G,),(G,) . Khi d6 ham s&

1
\/x2 +y2 +(z+1)2
Ia 10 gidi duong ciia bai todn (3.1, (3.2) v thda (57 ), ($3).(55).

u(x,y,z) =
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CHUONG 4

SU KHONG TON TAI LOI GIAI DUONG
VOI TRUONG HQOP N >3

Trong phan ndy ta xét bai toin Neumann sau diy véi n > 3:
Tim mot ham u 14 161 gidi ctia bai toAin Neumann

4.1) AuzO,xesz{(x',xn):x'eR”_l,xn>0},

4.2) —uy (x',O) = g(x',u(x',O)) , X' e R,

thda cac tinh chat:

(S;) ueC%Rf)ﬂC(Ej, Uy, EC(R__’:),

KL

Xn

(S,) lim [ sup |u(x)|+ R. sup
|

R—>+o0 x|=R.x,>0 x|=R,x,>0

o

o) day g: R x [0,400) — [0,+0) cho trudc thda cdc diéu kién sau:

(G,) g 1a ham lién tuc,
(G,)3a 20,3M>0: g(x',u) > M u*, Vu 20, Vx' € R".
va mot sd diéu kién phu s& dit sau.
Khi d6, Néu g 1a ham lién tuc va 13i gidi u bai todn (4.1),(4.2)

c6 cdc tinh chdt (S;), (S, ), thi » 1a nghiém ca phudng trinh tich
phan sau day
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“4.3) 2 g, u(y',0)) &y’

u(x',x,) = ,
n (n-2)w, ol (| Y= |2 + 52 )(n—z)/z
n

V(x',x,) € R},

trong d6 ®, 1a dién tich cia mat cau don vi trong R".

Pay 1a k&t qué trong phan thi€t 1Ap phuong trinh tich phian (chuong 2,
dinh 1y 1), trong d6 c6 sy thay d6i cdc ky hiéu trong cdch viét:
(a'sa,) > x=(x",x,), (xX',x,) > y=("r,).

Ta ciing gid st ring gid tri bién u(x’,0) clia 151 gidi u cda bai todn
(4.1), (4.2) thda tinh chat:

(S5) Tich phan I g(y',u(y',O)Ldy' ton tai, Vx' e R".
Rl | y'=x' |n

Khi d6, ta phat biéu k&t qua chinh trong phan ndy nhu sau:

Pinh Iy 4. Néu g théa cdc gid thiet (G,),(G,) vdi n>3 va
0<a<(n—-1)/(n—2). Khi do, bai todn (4.1),(4.2) khong co loi gidi
duong théa (S;)— (S;).

Chi thich 5.1. K&t qui nay manh hon k&t qué trong [2], [8]. That vay,
& cling bai todn (4.1), (4.2), cdc gid thi€t sau ddy da st dung trong cc

bai bdo [2], [8] ma trong chudng nay khong can dén:

(Gy) g(x,u) 1a ham khong gidm ddi véi bién u,i.e.,

(g(x',u)—g(x’,v) )(u—v) >0 VxeRY, Vux0, Vv >0,

(G4) Tich phan I M ton tai va duong.
Rn71 ( 1+ x' )n_
Chitng minh dinh ly 4

Ta chitng minh bing phdn chiing. Gia sl riing bai todn (4.1), (4.2) c6 15i
gidi duong u = u(x', x, ) thda cic diéu kién (S;)- (S;). Dang dinh 1y hoi
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tu bi chan Lebesgue, cho x,, — 0, trong phuong trinh tich phan (4.3),
nhd vao (S ), ta thu dudgc:

(4.4) u(x!,o) — 2 g(y ’u(y ,O)Ezdy \v/xl E Rn—l .
(1’1—2)0)” R | y'—x' |I’l

Ta vi€t lai phuong trinh tich phan (4.3) bing cdch thay lai cdc ky
hiéu n—-1=N, x'=x ,y' =y, u(x,0)=u(x") , ie.,

45)  u()——2 gl u(y )n)_fy’ v e R
(I’l—Z)(J)n R |y'—x'|

hay

4.6)  u(x)=A[gru(»)x) , ¥xeR",

trong d6 A 12 todn tif tich phan tuyé&n tinh cho bdi cong thitc nhu sau

A7) AP =by [ — gy,
&Y [y =4

v6i by =2((N =Dy, )™

P& chitng minh dinh 1y 4, ta chi cAn chitng minh ring phuong trinh tich
phan (4.6) khong c6 16i gidi lién tuc duong.

Tru6c hét ta cAn mot sd bat ding thic sau day:
B6 dé 5. V6imoi x e RY ta c6:
4.8)  A[(1+|y])?]1(x)= +, néu 0<q<l1,

(4.9) A[(1+]3] )™ 1(x) = %(lﬂxbl_q, néu g>1.
g

Chifng minh bd dé 5.

Ta c6 tir cong thic (4.7) ring
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1 -9
4.10) AL+ I =by | =D,

RN |y_x|N—1
(1+[y)) ™
> — W7
NRIN (] + )™
—+00 _
(I+7r) q
>bh — = dr \ dS,. =J,.
No(r+|x|)N_l yjzr Y

trong d6 J‘ dS, 1a tich phAn mit trén mit cau, tim O, bdn kinh r
|l=r

trong R .Tich phan ndy chinh 1 dién tich cia mit trén mit cAu
|y| =r,tdcla:

4.11) de =rVoy.

.
y=r

Vay, ta suy tir (4.10), (4.11) riing

B A4V
4.12 Al (1 q >J =b
@.12) AL+ 710 2, NoaNl o)

400 - |x| N
= byoy j A+r) 791+ 5H) N gy
r
0

EbN(DNIq

Tich phan /, phan ky khi ¢ <1 va hoi tu khi ¢ > 1. Hon nira, ta ¢
400 ~ |.X| N

(4.13) lq:j(1+r) 9(1+50)=N gy
0

r

+00
> j(lw)“/(HH)l‘Ndr
R '
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+00
> j(1+r)—qzl—Ndr :2—(1+|x|)1“1.
qg-1

[
Do d6 bd dé 5 dudc chitng minh.

Bay gid, d€ ti€p tuc chitng minh dinh 1y 4, ta gid si ring ton tai
Xg € RY sao cho u(xy)>0. Vi u lién tuc nén ton tai , >0 sao cho:

(4.14) u(x) >%u(x0) vxeRY,

x— x0| <rn.
Ta suy tir gid thiét (G, ), (4.6), (4.14) riing

(4.15) u(x) = A[g(y,u(¥)1(x) = MA[u® (y)](x)

1 d
> Mby (S u(xo)” [ Yo vxeR".
ysf<n |y =%]
St dung bat ding thic sau
(4.16) |y—x| < (1+|x|)(1+|x0|+|y—x0|)
S(1+|x|)(1+|x0|+r0), Vx,y € RV, y—x0|£r0,
ta suy tr (4.15), (4.16) ring
417 u(x) ZMbN(%u(xo))a b ——
| y=xo|<rp |y_x|
1 1 1
> M by (—u(xy))* x — X — dy
2 (1+|xo| + ) (1+|x|)N1y_er0
1 1 o yrgd

b

1
=M by (=u(xy))" x X
A A+ +r)¥ T (YT N
VxeRY.

Ta viét lai
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(4.18) u(x)Zul(x):m1(1+|x|)_q1 , VxeRY,
trong do

M byo yrd u® (x
419 ¢ =N-1,m=—7T02 (1321.
N2* (1+|xo| +7p)

St dung mot 1an nita ddng thitc (4.6), ta suy tir gia thiét (G, ), (4.18)

ring
(4.20) u(x) = M Au® (»)])(x) = Mmi* A[(1+]y)) " ](x) Vxe R".

Bay gid ta xét cac trudng hgp khdc nhau cia gia tri o .

1
N-1

Truong hgp1: 0<a <

Ta suy ra tir (4.8), (4.19), (4.20) v6i g=a ¢, =a (N-1)<1, ring
(4.21) u(x)=+0 VxeRV.
b6 1a diéu vo 1y.

N
<a<

Truong hop 2: .
§10P N -1 N -1

St dung (4.9) v6i g=a ¢q; =a(N —1)>1 , ta suy ra tr (4.20) ring:

(4.22) u(x) =M m{ A[(1+|y)) ™9 ](x)

b _
> M mf %(lﬂxbl “n vxeRY.
(g, —D27
hay
(4.23) u(x) 2 uy (x) = my(1+[x)) ™2, vxe R",
trong d6
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Mb i
@24)  q=a g -1, my = —ONONTL
HN-1
42
Gia st ring

(4.25) u(x) 2w, (x)=m,_, (1+]x]) %", VxeR".

N&u o g, >1, khi d6 ta dung bat ding thic (4.9) v6i g =0 g, >1,
ta thu dudgc tir gia thi€t (G, ), (4.6), (4.25), ring

(4.26) u(x) = M Alu® (MI(x) = M mi_ AL(L+[y])™*%1](x)

byo y

> M m}

I-agy
' (1+1x))
(g — 12N ||

> my (1+]x) ™% = u;(x) VxeR",
trong d6 cdc day {q, }, {m, }dugc xdc dinh bdi cic cong thic qui

nap sau:
MbN (O3 N2 mg_l

(427 q=aqi=l, m = ==L . k=23,
9k
Tur (4.19), (4.27) ta thu dudc
(4.28)
N-k , néu o =1,
S B .
qi = (N—l)akl—a—, néu <a < NEJR
l-a -1 -1

Ta suy tit (G, ), (4.6) va (4.26) ring
(429) u(x)= Mmi A[(1+|y)) % ](x), VxeR".

Nhu vdy ta chi can chon mdt s6 tu nhién & sao cho:
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(430) O<agg<I.
Do (4.28), ta chon mot so tu nhién k nhu sau:

i) Neu a =1,tachonk=N-1,

N )
<oa<—— va a#l,tachonk thoa k, < k < k,+1,

ii) N&u

v6i k= l_—lln[N—(N—l)oc].
noa

Truong hgp 3: o = % . Ta viét lai (4.20)
(431) u(x) = M Au® (»)](x) = Mmi A[(1+]y)) ™" ](x)

=Mm{ A[(1+]y)) N 1(x), Vx e R".

Mit khdc, véi moi x e R,

x|21,tacé.

(1+[yH7"

|N—1 dy

4.32) AL+ V10 =by
RY |y—x

-N +00 -N
>by | %dy >py [ D g, [ as,
&5 (p1+RD)

0 (r+|x| )N_l ‘y‘:r

+00 -N _N-1 ‘x‘ -N _N-1
(I+r)y " r (I+r)y " r
=byw ~ _dr>byoy |————d
N N'([ (r+|x|)N_1 N N'!- (r+|x|)N_1 '

] N-1
r dr
ZbNCON — .
'!.(1+r)N( r+|x )N

Chd y riing v6i moi r sao cho 1<r <[ tacé

34



(4.33) (r jN>L v s
' 1+r C N r+|x|_2|x|.

Vay, ta ¢6 tir (4.33) riing

[+

N=L gy 1 1
4.34 ! >
(39 '!.(1+r)N(r+|x| YN N ()N {r(r

[

dr
+x)

:41\1/—1 ><| |}v—1 Xln(1;|x|), Vxe RY, |[x>1.
X
Tu (4.31), (4.32), (4.34) ta suy ra ring
0, |x| <1,
(4.35) u(x) 2 v,y (x) = C, 1+|x| D2
v | I 21,
3 2
véi
Mb
(4.36) py=1, C, = ]A\'.[(]i])i\leI
Gid st ring
05 |X| < 1,
4.37 >V, = Pk-1
B AT Oy [m“'x'j 21
a 2

trong d6 p;_;,C;_; 12 cdc hing s§ duong.
St dung gi thiét (G, ) va (4.6), (4.37), ta suy ra riing

(4.38) u(x) = M Au® (1)](x)
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> M A (0)](x) =M by J- s (]if}zl
RY |y—x|

Vi1 (1)

Vi ()
>Mb _ Yk = A
v L B

dy >MDb
I

+o0
L=

Vi (»)
, (r ™

o P
. (m(l * r)]
o 2
=M bN(DNCk_l I d

1 r(r+|x|)N_1

7

Ta xét trudng hgp |x| >1,tacd

145 \* Pk 145 \* Pk
+o0 (ln( 5 )] +0 (ln( 5 )]

4.39 >
( ) '!- r(r+|x|)N_1 ‘)[ r(r—i-|x|)N_1
1+|X| O Pr-1 +o0 d]"
>|1
[n( 2 )] ')[ I"(I"+|X|)N !
1+|X| O Pr-1 +o0 d}"
>|1
[n( 2 )J '[ r(r+r)N !

Tir (4.38), (4.39), ta suy ra ring
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0, |x|£1,
(440) u(x)2vi(x) =3 ¢, (ln1+|x|J”"’ =1,

|X|N_1 2
trong d6 p;,C, 12 cdc hiing s6 duong xdc dinh biing cdc cong thi qui

nap nhu sau:

_ M bN(’ONC/?—l

FORTER k=34,.

(4.41) Pr =0 pry, Cp

Ta tinh ra cong thitc hién cia Pi»Cy nho vao (4.36), (4.41), nhu sau

k-2
442 pp=a’. Co=dyVdyTC)Y T k=34
trong dé
Mb
(443)  dy=——NEN
(N 12"

Ta viét lai (4.40) véi

x|21,tac<’)

) 1 - 1+ Y
4.44)  u(x) = v(x)=dy" | |N—1 (d% 1CyIn( 2| |)]
x

Chon x; saocho

1+|x
(4.45) di7c, ln(¥) >1,

Do (4.44), ta suy ra rang u(xy) > lim v (xy) =+o.
k—+o00

Pay Ia diéu vo 1y.

DPinh 1y 4 dugc chitng minh hoan tAt.

Cha thich 5.2.
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i) Trong trudng hop clia g(x’,u) ching ta chua cé k&t luan vé trudng
hép a >(n—-1)/(n—2), n>3. Tuy nhién, khi g(x',u)=u*, n>3,
(n-1)/(n-2)<a < n/(n—2), B.Hu trong [6] di chdng minh ring bai
toan (4.1), (4.2), (1.7) khong c6 16i giai duong. Trong trudng hgp “ gidi
han o. = n/(n—2)”, 15i gidi duong khdng ton tai (Xem [4-6]).

ii) V6i o =n/(n—2), cdc tdc gid trong [4] da mo t4 tat cd cdc 15 gidi

khong Am khong tAim thudng u € C? (Rf )ﬂ C(Rf) clia bai todn

— Au = aqu"/=2) trong R,

—u, (x,0)=bu” (x',0) trén x, =0

trong cdc truong hgp sau:

(G) a>0hay a<0,b>B=.al2-n)/n,

Gj) a=b=0,
Gii) a=0,b<0,
(4j) a<0,b=B.
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Luin vin chi y&u kh3o st sy khong ton tai 13i gidi duong clia
bai todn Neumann phi tuyé&n sau
(1) AuzO,xeRf:{(x’,xn):x'eR”_l,xn>0},

(2) —uy (x',O) = g(x',u(x',O)) , ¥ eR"L

trong d6 hAm s6 g : R x [0,400) = [0,400) 12 lién tuc thda diéu kién
3) FJa=20,3M>0: g(x",u) =M u*,Yu >0,Vx' e R,

va mot s6 diéu kién phu.

Phan chinh cdia luin vin nim & cdc chuong 2, 3 va 4.

Trong chuong 2, 12 phan thi€t 1ap phuong trinh tich phan phi
tuyé&n theo 4n ham 13 gid tri bién xu't phat tir phuong trinh Laplace
n - chiéu trong nira khong gian trén R lién két v6i di€u kién bién
Neumann.

Trong chuong 3, chiing tdi nghién citu sy khong ton tai 15i gidi
dudng ctia bai todn (1),(2),(3) cu thé v6in = 3. Biing cach xay dung mot
day ham thich hgp, ching tdi thu dudc k&t qué (dinh 1y 3) manh hon két
qué trong bai bdo [8] clia Ruy, Long, Binh. B&i vi chiing toi di cai tién
lai phép chiing minh va bd qua céc gid thi€t (G;)va (G,)da dung
trong [8]. Mit khdc, véi 0 <a <2, ham g(x,y,u) =u® khong gidi
quyé&t dugc trong [8] vi khdng théa gia thi€t (G,), trong khi d6 chiing
toi da gidi dudce vi du niy trong luin vin.

Trong chuong 4, ching t61 xét bai todn (1),(2),(3) v6i n>3.
Ham g(x',u) lién tuc thda di€u kién (3) va mot s6 diéu kién phu ma
chtta trudng hop g(x',u)= u nhu 12 mot trudng hop riéng. Trong
trudng hgp0<a < (n—1)/(n—2) , n>3, bing cdch xdy dung mot day
ham thich hgp ching tdi chitng minh ring bai todn(1),(2), (3) khong c6
19i gidi duong. K&t qua ndy ciing da da cdi ti€n k&t qua trong bai bdo
[2] ctia Binh, Diém, Ruy, Long (1998) do viéc b qua tinh don diéu
ting clia hAm g(x’,u) theo bi€n u va mot sd diéu kién tuong ty khéc.
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