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Ciu 1 (2,0 diém).

8) Cho biéu thite P = 1-x + (L X)V1—x* +y1-x —(L-x)V1-x* véi ~1<x <1.
Tinh gia tri ctia biéu thirc P khi X __1
2017
b) Cho a, b, ¢ 1a ba sé thuc khong Am thod man a+b+c=+/a ++b +/c=2.
Va b k2

1+a 1+b 1+c J@+a)l+b)(L+c)
Cau2 (2,0 diém). ) Giai phuong trinh: 2x? —2x +1= (2x +1)(«/x2 X 12 —1)

Chung minh rang:

X2+ (y+1)" =xy+x+1
b) Giai hé phuong trinh: (y+1) =xy
2x° :X+y+]_

Ciu 3 (2,0 diém).

a) Tim cac cap s6 nguyén (x; y) thoa man: 2x2 +2y? +3x —6y =5xy —7.

b) Tim tt c4 cac sb tu nhién n sao cho n?+2n++/n?+2n+18+9 1a sé chinh phuong.
Ciu 4 (3,0 diém).

1) Cho tam gi4c nhon ABC (AB<AC) noéi tiép duong tron (O,R). Cac dudng cao AD, BE, CF cit nhau
tai H (D thudc BC, E thudoc CA, F thudc AB). Tia EF cit tia CB tai P, AP cit duong tron (O,R) tai M

(M khéac A).
a) Chimg minh rang: PE.PF = PM.PA va AM vuéng goc véi HM.

b) Cho canh BC cé dinh, diém A di chuyén trén cung I6n BC. Xac dinh vi tri cua A dé dién tich A

BHC dat gia tri 1on nhét.

2) Cho tam giac ABC c6 goc A nhon, noi tiép dudng tron tam O. Mot diém | chuyén dong trén cung

BC khong chira diém A (I khong tring véi B va C). Puong thang vudng goc véi IB tai | cat duong

thang AC tai E, duong thang vudng géc voi IC tai | cat duong thang AB tai F. Chirng minh rang duong

thang EF ludn di qua mot diém cd dinh.
Céu 5 (1,0 diém). Cho a, b, ¢ 1a ba s6 thuc dwong thoa man a* +b? +¢? =3.

a’® +3ab+b? N b? +3bc+c® N ¢’ +3ca+a’
J6a?+8ab+11b2 /6b?+8bc+11c> /6 +8ca +11a>

***************Hé’t***************

Chung minh rang:




Ciu 1 (2,0 diém).

a) Cho biu thite P = 1—x + (L X)V1—x* +y1-x ~(L-x)V1-x* véi ~1<x <1.
Tinh gia tri ctia biéu thirc P khi x __1
2017

b) Cho a, b, ¢ 1a ba sé thuc khong Am thod man a+b+c=+a++b +/c=2.
Va b e 2

1+a 1+b 1+c J@+a)l+b)L+c)

Bai lam

8. P =1-x+(@L-X)V1-x* +1-x - (1-xX)V1-x?
P=«/l—x(J1+x/1—x2 NN e )(v‘l _1<x<1).
Lic d6 suy ra P? = (1—x)(2+21/1—(1—x2)): 2(1—X)(L+|x]).

Ma P =1 X+ (1~ X)V1-x* +11-x—(1—x)v1-x* >0 .Nén tir do ta suy ra P =+2(1-x) (Vi

. 1 R 2018
1-x>0) .Vi XxX=-— <0 nénsuyraP=——4/2.
) 2017 y 2017J_

Chumng minh rang:

b. bat x:\/g;y:«/B;z:JE:>xy+yz+xz:1:>a+1:(x+y)(x+z).
Tuongtutacd b+1=(z+Yy)(X+Yy);c+1=(z+X)(z+Yy).Nénlucdotaco:

G b e 2
1+a 1+b 14+c (X+Y)(y+2)(Z+X) J@+a)l+b)1+c) -

Cau2 (2,0 diém).  a) Gidi phuong trinh: 2x? —2x +1=(2x +1) (\/xz X 12 —1)
x? +(y+1)2 =Xy +X+1

b) Giai h¢ phuong trinh:
2x° =x+y+1

Bai lam
a. 2x* —2x+1= (2x+1)(4\/x2 —X+2 —1)<:> (X =X +2)+ x> —x—-1=(2x +1)(x/x2 —X+2 —1)(1).

Dit t =(VX*—x+2-1)|= x* =x+2 = (t+1)*.Thay vao phuong trinh (1) taco :
(V y vao phuong

t=x
t—-x)(t—-x+)=0=> :
t=x-1
X>-1
Voit=x=1 , 2<:>x=1.
X" =Xx—-2=(x+1) 3

. x>-1
V01t:x—1:>{ ) , &> X=2.
X°—X—-2=X



Vay nghiém phuong trinh [a x==;x=2.

wlk

x? +(y+1)2 —x(y+1 =1

b {x2+(y+1) =Xy+X+1 .

2x° =x+y+1

(). Taco (1) <:>{

2x° =x+y+1
3 A X*+t7 —xt=1 X2+t?—xt=1 [x=t=1
batt=ytl tacohé (ll) & = .
2x° = (X +t)(X* +t* —xt)
Vay nghiém hé 1a (1,0);(-1;-2).
Céu 3 (2,0 diém).

X=1t

a) Tim cac cap s6 nguyén (x; y) thoa man: 2x2 +2y? +3x —6y =5xy —7.

b) Tim tit ca céc s6 tw nhién n sao cho n® +2n++/n®+2n+18 +9 14 sb chinh phuong.
Bai lam

a. Taco 2x* +2y° +3x—6y =5xy -7 < (X —2y)(2Xx -y +3) =—7.

Xét tat ca truong hop ta co nguyén (x;y) 12 (3:2);(-5:-6);(-7:-4);(1:4).

b. n®+2n++/n?+2n+18 +9 la sé chinh phuong.

Lac do6 suy ra Jn?+2n+18 lasé tu nhién .

Pit Jn? +2n+18 =k(k e N).Taco Vn? +2n+18 =k(k e N) & (k + n +1)(k —n —1) =17.Vi k,n déu

k+n+1=17 {k:9

= Luc do
k—-n-1=2

la ty nhién va k+n+1>k-n-1 nén ta xét truong hop sau : { N7

N2 +2n+n? +2n+18 +9=81=9° Viy n = 7 thoa d& .
Ciu 4 (3,0 diém).
1) Cho tam gi4c nhon ABC (AB<AC) noi tiép duong tron (O,R). Cac dudng cao AD, BE, CF cit nhau
tai H (D thudc BC, E thudoc CA, F thuoc AB). Tia EF cit tia CB tai P, AP cit duong tron (O,R) tai M
(M khac A).

a) Chimg minh rang: PE.PF = PM.PA va AM vuéng goc véi HM.

b) Cho canh BC cé dinh, diém A di chuyén trén cung I6n BC. Xac dinh vi tri cua A dé dién tich A
BHC dat gia tri 1on nhét.
2) Cho tam giac ABC c6 goc A nhon, noi tiép dudng tron tam O. Mot diém | chuyén dong trén cung
BC khong chira diém A (I khong tring véi B va C). Puong thang vudng goc véi IB tai | cat duong
thang AC tai E, duong thang vudng goc voi IC tai | cat duong thang AB tai F. Chirng minh rang duong

thang EF ludn di qua mot diém cd dinh.



Bai lam
4.1a.

Do BE ,CF la dudng cao cua tam giac ABC nén BFC = BEC =90°.

Nén tir giac BFEC ndi tiép suy ra PBF = PEC.

‘ PB  PF
Tir d6 c6 tam giac PBF dong dang véi PEC suy ra 52 = 5= = PE.PF=PBPC (1).
T giac AMBC ndi tiép suy ra PBM = PAC .
. \ ) PB PM
Tir d6 c6 tam giac PBM dong dang v6i PAC suy ra o = 5 = PB.PC =PM.PA (2).

Tu (1) va (2) suy ra PE.PF=PM.PA .

Ta c6 PE.PF=PM.PA suy ra % = % Ta c6 tam gidc PMF dong dang vé6i tam giac PEA.Luc d6 suy

ra PMF = PEA .Ta c0 tir giac AMFE ndi tiép (3).Do AHE = AFH =90° nén suy ra tir gidc AEHF ndi
tiép (4).Tur (3) va (4) suy ra 5 diém A,M,F,H.E cung thudc 1 duong tron dudong kinh AH .Suy ra
AMH =90° = AM L HM.

4.1b.K¢ duodng kinh AK cua dudng tron (0).Goi N 13 trung diém canh BC .Chting minh duoc tir giac
BHCK Ia hinh binh hanh .Ma N 12 trung diém ctia BC nén N 1a trung diém ctia HK.

Suy ra ON la dudng trung binh cua tam giac KAH hay AH=2.0ON.

Ta c6 tam giac OBC can tai O suy ra ON la duong trung tuyén ,ciing 1a dudng cao ,phan giac .Lic d6
¢6 NOC = % BOC = & (khong déi vi 3 diém B.O,C c6 dinh ).

Do d6 Sy :%.BC.HD :%BC(AD— AH) < % BC(AN —2.0N) .Hay suy ra



<%BC(AN ~20N)< % BC(AO+ON —2.0N) = % BC.(AO-ON) .

SBHC -
Tiép tuc ta suy ra Sy < %.BC(R - RCOSO{)=% R.BC(1-cosa) (khong d6i ).

Dau bang xay ra khi va chi khi D trung v6i N va ba diém A,O,N thang hang .

Khi d6 A 1a diém chinh giita cung 16n BC .Vay khi A 1a diém chinh giita cung 16n BC thi dién tich A
BHC dat gi4 tri Ion nhat.

4.2 .

o}

ASaNZ4

Goi K 14 diém d6i xtmg cta I qua EF .

Xét truong hop diém K tring véi diém A Khi d6 KI 1a day cung caa (0).Ma EF 1a dudng trung truc
cuaKIsuyra EF diquaO.

Xét truong hop diém K khong tring v6i A .Ta ¢6 CIF +BIE =180° = EIF + BIC =180°

Do ¢6 tir gidc ABIC ndi tiép nén suy ra BAC +BIC =180° .Tir d6 ta c6 BAC = EIF = EAF =EIF

Ma EKF =EIF (do I va K d6i xtmg nhau qua EF).Ta suy ra EKF = EAF hay bon diém A,K,EF cing
thudc mot duong tron .

Khi d6 ta thu dugc hodc tir gidac AKEF néi tiép hodc tir giac AKFE ndi tiép .Khong mat tinh tong quat
.ta gia sit AKFE noi tiép .Ta suy ra KAF = KEF (cung chin cung KF ) suy ra KAB =KEF (1).

Ma IEF =KEF (do I va K ddi xtig nhau qua EF) (2) . Mit khiac IEF =BIK (ciing phu véi goc KIE
(3).Tr (1) ,(2) va (3) ta suy ra KAB=BIK .Suy ra AKBI noi tiép suy ra K nam trén (0).Khi d6 KI 1a
day cung cta (0).Ma EF 1a dudng trung truc ctia KI nén suy ra E,O,F thing hang .Vay duong thing
EF luén di qua diém O ¢ dinh



Céu 5 (1,0 diém). Cho a, b, ¢ 1a ba s6 thuc duong thoa man a* +b? +¢? =3.

a’+3ab+b? N b? +3bc + ¢? N c®+3ca+a’
J6a? +8ab+11b? +/6b2+8bc+11c® +/6¢2 +8ca+11a’

Chtng minh rang: <3.

Bai lam

Dit vé trai cua (1) 1a M .Ta co

a’+3ab+b? <a2+3ab+b2

6a’ +8ab +11b* = (2a +3b)* + 2(a—b)* > (2a +3b)* = <
J6a?+8ab+11b>  2a+3b

a®+3ab+b? <3a+2b
2a+3b 5

Tiép tuc ta chimg minh < (@a—b)? >0(lubn diang ).

b® +3bc+c? _3b+2c, c’+3ca+a’ _3c+2a
J6b?+8bc+11c> 5 '\J6c’+8ca+lla® 5

Tuong tu ta co

3b+2c 3a+2b 3c+2a
+ + =a

Cong ba bt dang thuc trén ta co M < c c

+b+c.

Mataco (a+b+c)>=a’+b’+c®+2(@b+bc+ca)<a®+b*+c’+(@° +b*) +(c*+a*)+(b*+c?).
Hay (a+b+c)?<3(@*+b?+c?)=9=a+b+c<3.VayM<3 ,ddu bing xay ra khi va chi khi
a=b=c=1



